Abstract. We show that any holomorphic automorphic form of sufficiently large weight on an irreducible bounded symmetric domain in C n , n > 1, is the Poincaré series of a polynomial in z 1 ,. . . ,z n and give an upper bound for the degree of this polynomial. We also give an explicit construction of a basis in the space of holomorphic automorphic forms.
Introduction
Let D = G/K be an irreducible bounded symmetric domain in C n , n > 1; i.e., G is one of the following Lie groups: SU (p, q), SO * (2p), Sp(p, R), SO o (p, 2),
, E (−25) 7 [1] , and K is a maximal compact subgroup of G. Denote by 0 the fixed point of K in D. Consider a compact smooth quotient X = Γ\D, where Γ is a discrete subgroup of G. Denote by L the canonical line bundle on X. Let k be a positive integer, and let χ be a normalized character on Γ. Denote by S k (Γ, χ) the space of holomorphic (Γ, χ)-automorphic forms of weight k on D. It is a finite-dimensional complex vector space. If k is sufficiently large (one can take k ≥ (n + 2) n+7 , but this is not the best bound), then L ⊗k is very ample, and the Poincaré map is surjective (Theorem 16.5 [12] ); i.e., every element of S k (Γ, χ) is the Poincaré series of a holomorphic function f : D → C. In this paper we show that the function f can always be chosen as a polynomial in z 1 ,..,z n of degree not higher than N 0 = 
To each of these points, p j , associate the automorphic form ϕ k,p j ,χ with the property (f,
automorphic forms we obtain this way form a basis in S k (Γ, χ). Now let us change the approach a little. For l = (l 1 , . . . , l n ), where l j , j = 1, . . . , n, are nonnegative integers, denote by ϕ k,l,0,χ ∈ S k (Γ, χ) the Poincaré series of the monomial z
is, in a sense, associated to the point π(0) ∈ X. Similar statements for n = 1, D = SU (1, 1)/U (1) SL(2, R)/SO(2), are well known and are due to Petersson [20] , [7] . They are formulated and proved in terms of standard notions of the theory of Riemann surfaces such as holomorphic k-differentials and k-Weierstrass points. In particular, every automorphic form in S k (Γ, χ) is the Poincaré series of a polynomial in z of degree not higher than k(2g − 2), where g is the genus of the hyperbolic Riemann surface Γ\D. If 0 ∈ D is not a k-Weierstrass point on the uniformized Riemann surface X, then every automorphic form of weight k is the Poincaré series of a polynomial in z of degree not greater than
This circle of ideas for n = 1 is conveyed, in particular, by the following references: [3] , [7] , [8] , [13] , [14] , [15] , [16] . For n ≥ 1 see [24] , where the general case of flag domains is studied (bounded symmetric domains are a small part of this class of homogeneous complex manifolds).
2. Automorphic forms on bounded symmetric domains
, K = E 6 · SO(2) (we follow the notation of [1, Table 1 
Denote by dµ L the standard Lebesgue measure on D ⊂ C n . Recall (see e.g. [11] , [17] ) that the Bergman kernel K(z, w) for D is the kernel of the orthogonal projection from
is holomorphic in z, antiholomorphic in w, and reproducing on holomorphic functions; i.e.,
Im(ds 2 ) = 2πω, and the volume form is 
Γ-automorphic forms.
In this subsection we shall recall necessary facts regarding holomorphic automorphic forms with the canonical automorphy factor. Let Γ be a discrete cocompact subgroup of G which acts freely on D. Let k be a positive integer. By definition a holomorphic Γ-automorphic form of weight k on D is a holomorphic function f :
For sufficiently large k the series converges absolutely and uniformly on compact sets ([4, Theorem 9.1]) and the Poincaré map
is surjective (see [12, Chapter 7] and references therein).
(Γ, χ)-automorphic forms.
In this subsection we shall discuss holomorphic automorphic forms with the canonical automorphy factor twisted by the character χ k (see e.g. [19, section 10] , [22] , also [6, 1.
2.1]).
Let χ : Γ → U (1) be a normalized character on Γ. Denote by P ic Γ (D) the set of isomorphism classes of holomorphic line bundles on D equipped with a holomorphic action of Γ which is compatible with the action of Γ on D and is linear on the fibers. We note that there is a well-defined map P ic(X) → P ic
Denote by P ic 0 (X) the subgroup of P ic(X) formed by holomorphic line bundles with c 1 = 0. Denote by S k (Γ, χ) the space of holomorphic functions f : D → C satisfying the automorphy law
, where E is a holomorphic line bundle on X which is isomorphic to
The line bundle L ⊗ E is ample. Therefore by [12, Theorem 16.5] for k ≥ (n + 2) n+7 , the bundle (L ⊗ E) ⊗k is very ample and the Poincaré map
is surjective. Denote by Γ the commutator subgroup of Γ. T = P ic 0 (X) is a complex torus, dim T = b 1 (X) = rk(Γ/Γ ) which is necessarily zero if G is not SU (n, 1) by [18, Theorem 7] . Ball quotients with nonzero first Betti number do exist; see e.g. [10] for explicit examples. [19, Theorem 4] gives the list of bounded symmetric domains for which P ic(X) is isomorphic to the direct product of Z and a finite abelian group Char(Γ/Γ ).
We note that π
. We shall later need an embedding ι :
Explicit constructions. For a point
where 
Theorem 2.2. The Poincaré series
Remarks. 1. The statement of Theorem 2.1 does not depend on the choice of the basis {s j } that was made to define the map ι.
2.
In Theorem 2.1 we need N + 1 points π(p j ), j = 0, . . . , N, in general position on X, i.e., N + 1 points whose images under ι are not on the same hyperplane in CP N . This is equivalent to requiring that
is the natural map, and
. Therefore the basis in Theorem 2.1 indeed depends not only on the choice of N + 1 points in general position on X but also on the choice of points representing them on the universal cover. The Poincaré series (2.1) (and corresponding sections of (L ⊗ E) ⊗k as well) associated to two different points in D which represent the same point in X differ by a nonzero constant multiplicative factor. It is also clear that in order to get a basis we do not have to choose the points in D in the same fundamental domain.
4. The statement of Theorem 2.2 can be rephrased as follows: any f ∈ S k (Γ, χ) is equal to the Poincaré series of a polynomial in z 1 ,. . . ,z n of degree not greater than N 0 . This is, of course, the n > 1 generalization of the Petersson's observation for the classical holomorphic automorphic forms. Note: if n = 1, then vol(X) = 2π(2g −2),
5. Heuristically (2.1) is the k-th component of the delta-function at π(p) and (2.2) is a linear combination of the k-th components of the delta-function at π(0) and its derivatives.
6. The number of elements in the finite spanning set we obtain is equal to the number of monomials in z 1 , . . . , z n of degree not greater than N 0 . To see how close this is to dim
n and the number of monomials in z 1 , . . . , z n of degree not higher than N 0 (which is equal to the number of monomials in n + 1 variables of degree N 0 ) is
7.
It is well known that for any points z (1) ,. . . ,z (m) in D which represent m distinct points on X there is sufficiently large k and there exist Poincaré series θ j (z), j = 1, . . . , m, of weight k such that the m × m matrix with entries θ i (z (j) ) has a nonzero determinant. The proof uses asymptotic representations as k → ∞, with m, z (1) ,. . . ,z (m) fixed. It follows that for such z (1) ,. . . ,z (m) there exists a Poincaré series of sufficiently large weight with any preassigned values at these points. For this and other statements in this direction, see [21] , [2] , also [5] .
Normalize the Hermitian inner product in S k (Γ, χ) as follows:
Let F be a Dirichlet fundamental domain for Γ.
Lemma 2.3. For any
Proof.
where N is a positive integer, then all partial derivatives
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a j s j , a j ∈ C, so the locus in ι(X) where s = 0 is the intersection of ι(X) and a hyperplane in CP N . Since the points π(p j ) are, by assumption, not on the same hyperplane, s must be the zero section and hence f is identically zero. This is a contradiction; thus the given set is a basis.
Proof of Theorem 2.2. This will be a proof by contradiction. Assume that the given set does not span But a ≤ N 0 ; hence this contradicts Lemma 2.4. Therefore we indeed obtain a spanning set.
